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distribution functions (PDFs) from lattice QCD, a task thought to be extremely difficult before Ji’s
proposal. In this talk, we discuss this approach, in particular different systematic effects that need
to be controlled to ultimately have precise determinations of PDFs. Special attention is paid to the
analysis of excited states. We emphasize that it is crucial to control excited states contamination
and we show an analysis thereof for our lattice data, used to calculate quasi-PDFs and finally
light-cone PDFs in the second part of this proceeding (C. Alexandrou et al., Quasi-PDFs from
Twisted mass fermions at the physical point).
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1. Introduction
Collinear parton distribution functions (PDFs) quantify non-perturbative effects in hadronic cross
sections and are vital for analysis of scattering experiments such as the ones at the Large Hadron
Collider. Even though they result from the QCD Lagrangian, their direct computation is a difficult
task. In principle, lattice offers an ideal formulation to study non-perturbative physics. However,
PDFs are defined on the light cone, which makes it impossible to translate their definition directly
to Euclidean spacetime that lattice QCD requires. For this reason, lattice computations were for
a long time restricted to the low moments of PDFs that can be expressed as matrix elements of
local operators. The interest in getting the full Bjorken-x dependence of PDFs was rather recently
revived after the seminal proposal of Ji [1] to calculate so-called quasi-distributions, expressed in
the frame of a boosted nucleon. Such quasi-distributions can then be matched perturbatively to their
light-cone counterparts, utilizing the fact that both kinds of distributions share the same infrared
physics and they differ only in the ultraviolet. The systematic procedure of matching is referred to
as large momentum effective theory (LaMET).
Since Ji’s paper, there has been a plethora of studies of this approach, both theoretical and
numerical. Renormalizability of quasi-PDFs was established [2, 3] and both perturbative and non-
perturbative renormalization prescriptions were developed [4, 5, 6, 7, 8]. Matching between quasi-
PDFs renormalized in different schemes and light-cone PDFs was considered [9, 10, 11, 12, 13, 14]
and target mass corrections were calculated [15]. Further theoretical aspects were clarified in Refs.
[16, 17, 18, 19, 20]. The numerical results were presented in Refs. [21, 22, 15, 23, 5, 6, 24, 14, 25,
26, 27, 28], with very encouraging prospects of a fully controlled result in the future. Moreover,
related direct approaches were also proposed and investigated [29, 30, 31, 32].
2. Quasi-PDFs and light-cone PDFs
Quasi-PDFs, q˜(x,P), are defined as Fourier transforms of the non-local matrix elements hΓ(z,P)
= 〈P|ψ(0,z)ΓW (z)ψ(0,0) |P〉 for the nucleon boosted to momentum P = (P0,0,0,P3), with the
type of PDF determined by the Dirac structure Γ (Γ=γµ – unpolarized, Γ=γ5γµ – helicity and
Γ=σµν – transversity) and with W (z) being the Wilson line of length z, taken in the spatial direction
of the nucleon boost:
q˜(x,P)=
∫ +∞
−∞
dz
4pi
e−ixP3z hΓ(z,P). (2.1)
The bare matrix elements hΓ(z,P) are calculated on the lattice as a ratio of suitable three-point
and two-point functions, for details about the technical details of the computation, see the next
section and the supplemental material of Ref. [14]. hΓ(z,P) are subject to logarithmic and power
divergences and hence need renormalization, for details see Ref. [5], where a non-perturbative
renormalization prescription has been developed for the first time. The Fourier transform of renor-
malized matrix elements, i.e. the renormalized quasi-PDF, can be matched onto light-cone PDFs in
the framework of LaMET. In our work, we choose to adopt a two-step procedure. First, the matrix
elements in the RI′ scheme [5] are perturbatively converted to the MS scheme and evolved to a
reference scale of 2 GeV [4]. Second, the matching procedure brings the renormalized quasi-PDF
to the light-cone one, without changing the scheme and scale [14]. Finally, target mass corrections
are applied using formulae of Ref. [15].
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3. Lattice setup
We use a gauge field configurations ensemble with two degenerate clover-improved Wilson twisted
mass quarks of physical masses and Iwasaki gluons [33]. The lattice size is 483×96 and the lattice
spacing a=0.0938(3)(2) fm, which gives a spatial extent of L = 4.5 fm.
The nucleon boosts used in our work are 6piL ,
8pi
L and
10pi
L , i.e. 0.83, 1.11, 1.38 GeV, respectively.
The largest momentum that can be reached with realistic computer resources is limited by the
separation between source and sink, ts, in the three-point function. We show below that ts above 1
fm in physical units is needed to suppress enough the contribution of excited states, if aiming at a
precision of 10%. In our study, we consider source-sink separations of 0.75, 0.84, 0.93 and 1.12 fm
and establish excited states suppression at the desired level by comparing single-state, two-state and
summation fits. Our statistics at the largest ts corresponds to 4800-9600 measurements (depending
on the Dirac structure) at P3 = 6piL , 38250 measurements at P3 =
8pi
L and 72990 measurements at
P3 = 10piL . The increase of statistics with increasing momentum results from the desire to obtain
similar precision of bare matrix elements at all momenta under the decaying signal-to-noise ratio
at larger P3. The decay of the signal is still exponential, despite using the technique of momentum
smearing [34] with optimized parameters. In addition to this method, we use other techniques to
optimize the signal, such as low precision inversions with correction of the resulting bias.
4. Systematic effects – general discussion
A reliable computation of PDFs within the framework of LaMET needs, apart from small statistical
uncertainties, control over numerous sources of systematic effects. Here, we discuss the status of
our calculation from this point of view.
One of the biggest challenges is to reach nucleon boosts large enough to make contact to the
light-cone frame, equivalently the infinite momentum frame, with enough suppression of excited
states contamination at the desired precision level. Excited states can never be eliminated altogether
– they can only become subleading with respect to other sources of uncertainty. This aspect is
essential for having final reliable PDFs and we devote a separate section to it, see below.
Other systematic effects can be divided into typical lattice systematics and ones related specif-
ically to the considered observable. For the former, we mention the role of the pion mass, cut-off
effects, finite volume effects (FVE) and lattice artifacts in the renormalization procedure. Among
these, the pion mass was the first that we fully addressed by performing computations on an ensem-
ble with light quark masses tuned to reproduce the physical pion mass. The second one, that we
are in the process of analyzing, is the role of lattice artifacts in Z-factors. Our renormalization pro-
gramme, introduced in Ref. [5], relies on the non-perturbative RI′ scheme and Z-factors computed
at different renormalization scales can be differently contaminated by the lattice breaking of rota-
tional symmetry. The discretization effects induced by this can be computed in lattice perturbation
theory and subtracted, making the final Z-factors estimates more reliable. It has been demonstrated
that the procedure works very efficiently for local Z-factors [35]. For cut-off effects and FVE in
bare matrix elements, an explicit computation is required using ensembles with different lattice
spacings and volumes. Nevertheless, there are indirect premises that both of these effects should
not be large – they were typically found to be small in hadron structure computations and moreover,
we find that the continuum dispersion relation is satisfied on the lattice up to the largest employed
momentum [14].
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The quasi-PDF specific systematic effects include, most notably, higher-twist effects from
using finite nucleon boost. These can be suppressed by using large enough momentum and we
notice signs of convergence when increasing boost from 0.83 GeV to 1.38 GeV [14]. Nevertheless,
we observe unphysical behavior in the data in some regions of x, which signifies the nucleon
momentum is still too small. As a solution to this problem, the derivative method was proposed
[36], which consists in rewriting the Fourier transform using integration by parts and ignoring the
surface term. However, it is clear that this does not solve the problem, but only hides its presence.
Moreover, ignoring the surface term yields uncontrolled behavior for |x| . 0.2, both in the quark
and antiquark part, and introduces additional discretization effects from the discretization of the
derivative of matrix elements. A more promising way of alleviating effects of working at finite
momentum may be to compute the higher-twist effects explicitly, see an analysis of these in quasi-
PDFs in Ref. [37]. Another systematic effect that has to be addressed for a reliable extraction of
PDFs is related to truncating perturbative expressions for matching of quasi-PDFs to light-cone
PDFs. The conversion between the intermediate lattice renormalization scheme, like a variant of
RI-MOM, and the MS scheme, desired in phenomenological applications, necessarily proceeds
perturbatively, as well as the evolution to the reference scale, like 2 GeV. All of these perturbative
expressions are presently truncated at one-loop, without reliable estimates of higher-loop effects.
The magnitude of one-loop effects is rather large and hence, a two-loop computation is mandatory
and can lead to sizable contributions.
5. Excited states effects
One of the crucial effects in lattice computation of hadron structure observables is the excited states
contamination. The lattice two-point and three-point correlators can be decomposed into a series
of terms containing exponentials of masses of states excited from the vacuum, with appropriate
quantum numbers, multiplied by Euclidean times expressing the temporal separation between the
source and the sink or between the source/sink and the operator insertion time. For reliable state-
ments about the ground state hadron, all these separations have to be large enough to suppress
exponentials corresponding to excited states. The history of lattice QCD hadron structure calcula-
tions has shown that excited states contamination can prove to be a major effect, hindering the safe
extraction of even simple quantities, like 〈x〉u−d or gA, see e.g. [38, 39]. Moreover, boosting the
nucleon increases the role of excited states and a careful analysis is needed to reliably prove they
are subdominating with respect to other sources of systematic uncertainties.
In this work, we analyze the role of excited states comparing three kinds of methods of ex-
tracting bare matrix elements: single-state (plateau) fits, two-state fits and the summation method.
Details of the study will be given in a forthcoming publication. We consider 4 source-sink separa-
tions for the unpolarized case (ts = 8a,9a,10a,12a; ts ≈ 0.75,0.84,0.93,1.12 fm in physical units)
and we increase statistics to keep the statistical uncertainties approximately equal for all separa-
tions, i.e. we use 4320, 8820, 9000, 72990 measurements, respectively. For both polarized cases,
we use 3 values of ts = 8a,10a,12a, with 3240, 7920 and 72990 measurements.
The summation method has much larger statistical errors than the other ones and is inconclu-
sive for the unpolarized matrix elements. However, in the polarized ones, the real part of the matrix
elements for large z/a and the imaginary part for small z/a is compatible only with two-state fits
and the plateau method at ts = 12a. The two-state fits always yield compatible results with ts = 12a
3
Light-cone PDFs from Lattice QCD Krzysztof Cichy
0 5 10 15
0
0.5
1
1.5
2
0 5 10 15
-0.6
-0.4
-0.2
0
0 5 10 15
0
0.5
1
1.5
2
0 5 10 15
-0.6
-0.4
-0.2
0
0 5 10 15
0
0.5
1
1.5
0 5 10 15
-0.6
-0.4
-0.2
0
0.2
Figure 1: Real (left) and imaginary (right) part of the matrix element for different PDFs (top – unpolarized,
middle – helicity, bottom – transversity) from the plateau method (points labeled with appropriate ts), the
summation method and two-state fits (to all ts). Nucleon momentum is 10pi/L' 1.38 GeV.
plateau fits, while there is clear tension with smaller source-sink separations for all Dirac structures
in some regions of z/a in the imaginary part, especially for helicity and transversity. Given our
statistical precision, we have, thus, established ground state dominance at the approx. 10% level
for source-sink separation 1.12 fm. This is in accordance with earlier hadron structure studies.
However, aiming at a higher precision, the conclusion might not hold, i.e. increase of ts may be
needed to sufficiently control excited states. The same is true when attempting simulations with
larger momenta and we emphasize that establishing compatibility between the three methods of
extracting bare matrix elements is a prerequisite for a reliable analysis.
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Having determined that ts = 12a is safe from excited states at the 10% level, we can proceed
to further steps required to obtain light-cone PDFs, i.e. renormalization and matching, described in
the second part of these proceedings [40].
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